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@�3,QB 8L-@20d < =0<;<7820<9; 7 @,0g= . C-?D,= . 7B=28-.d :
���¹!"(&�#�  ��)��!����

M(12, s6)
�

ZEL,42080g =0<;<7820 M 38<-g 7, 734,@/ Q GW Daw?;<40d3<L ,
s6

\27w?;<0dE
3<L <Q0,b?e 2= 2 7B=6<4<=

M(12, s6)
: 1,3g8< =0<;<7820 e 2 3<=6.0,8<-.93B

.Q<=<->0g 7 = <423?4<?
C20+2s6

^,3 8,3/8< =<423?4, 2X .78?e 2_ : ` D-/9. ±W M 78- :N G² e 2 6 2Q @�3,Q? ?L2@20h 0,742@?e f92 8L-@20.2 ~
º v�£ ���sv

M(12, s6)
s¨ §��q� s � t�ªs ª�s�{¦ z s» s6 6= 1 ��3,Q 82e 8< L28B LB3<0/=2 D<D.7<= 3<0\8-?39.2 D4,0/-0B9;2e = ,DB 7

ZEL,42080g= C-,><= M 38<-h 7, 734,@/ 7 GW Daw?;<40d3<L ,
s6

\27w?;<40d3<L
D-2 L\283B

s6 6= 1
: O22X .78209., =0<;<7820, M 38<-g 7, 734,@, Q GW DawE

?;<40d3<L , e 2@0h;< \27w?;<40d3, LBD4gL, Q e 2@0<Q0,b0<78. 3<0\8-?39.2 : 53
LB9;/@Q,= 2 Q< \27w?;<40d3, , D-.@/L,=2 420 Daw?;<40d3BM 8,3 3<0\8-?39.?
?3<0bd= 2 \27w?;<40d3<= :
O, <6-/Q3? W 7f 0,3-27420h D4,0/-02 = ,DBM 38<-h 7f 3<=6.0,8<-.93B .Q<E

=<->0h 7
M(12, 0)

M
M(12, 2)

,
M(12, 3)

: }D,3<L,0d= 0,742@?e f9.9; @L<9;
3<0\8-?3b0g9; 3-<3<L Q 0.9; LB8L<-d= 2

M(12, k)
D-2 L\283B

k ≥ 3
:

G : ` 34,@,0.2 D-78209<L Q J M -27D 238dL2 Q< N \27w?;<40d3<L :
O, <6-/Q3? � e 2 Lj,L< 0,3-27420g @<@23,h@2- ^D-29dQ02e \.2 E C-,> @<@23,Eh@-,_ : m -?6g= . b.,-,= . e 2 0,3-27420/ C-,><L/ 3-?c0.9,

P10

@¼c3B GV M 38<-2e
L-9;<4B 7f ZEL,42080h M D-.b<= .09.@?e f92 ;-,0B 78-.2@,L< 7= 2-?e f @< L0f8-,
, L<03,e \3? C-,><L2e 3-?c0.92 : 1,3/8< 3-?c0.9, 7, L 82k-.. C-,><L 0,QgL,

N



½ s�t§£ � ztq·v§y|: 53 -<Q-2c2= 2 C-,> @<@23,h@-,
D
D<Q@¼c 3-?c0.92

P10

M 8,3
7, C-,> -<Q@24d 0, @L2 b,78. M D-.b<= L 3,c@2e b,78. e 2 D-/L2 N Daw?;<40d3<L :
+ ,D? =0<;<7820,

M(12, 5)
LB8L<-d= 2 L4<c20d= D-78209, ^0,3-27420g 0,<6-/Q3? � LD-,L<_ @< Lg9;<@Q2e = ,DBM 38<-<? e 2 = ,D, @<@23,h@-, : P-782029

e 2 LB8L<-20g Q J \27w?;<40d3<L : + ,D?
M(12, 5k)

M D-2 L\283B
k > 1

M LB8L<-d= 2
L4<c20d=

k
D-78209<L @< Lg9;<@Q2e = ,DB:

6

6 6

6

6

}6-/Q<3 � ~ P28-.;< 3-?c0.9,
P10

E D-782029
53 Q<78-<e ?e 2= 2 =,D?

M(12, 6k + 2)
,426<

M(12, 6k + 3)
M 8,3 D<78?D?E

e 2= 2 -<L0,3< : P28-.;< 3-?c0.9,
P12 ^<6- : J_ 7, 0,9;/@Q, L C-,>< 9; L 78-2@2, 0, D-,L2e 78-,02 0, <6-/Q3? W : 53 -<Q-2c2= 2 C-,>

M(12, 2)
M -27D :

M(12, 3)D<Q@¼c 3-?c0.92
P12

M 8,3 7, C-,> -<Q@24d 0, @L2 b,78. : + ,D? =0<;<7820,
M(12, 6k + 2)

M -27D 238dL2
M(12, 6k + 3)

M D-2
k ≥ 1

M LB8L<-d= 2 L4<c20d=
kD-78209<L LB8L<-20g9; Q< N \27w?;<40d3<L @< Lg9;<@Q2e = ,DB:

6

6

66

6

6

5 56

}6-/Q<3 J ~ P28-.;< 3-?c0.9,
P12

E D-782029
W : �Lab\<L,0.2 D<b8? \27w?;<40d3<L < e 2@20 :
` C-,>< 9; LB8L<-20g9; L D-2@9;/@Q,e f9.9; 3-<3<9; 7, 0,9;/@Q, 3<0KC?E

-/9., Q4<c20/ Q G \27w?;<40d3, , @L<e .92 Daw?;<40d3<L ^0,3-27420/ 0, D-,L2e78-,02 <6-/Q3? N_ : 53 0, 7D<4< b0g9; ;-,0/9; \27w?;<40d3, , @L<9; Daw?;<4E
0 d3<L LB62-.2= 2 @L, 0<Lh L-9;<4B , 7D<e d= 2 .9; 0<L<? ;-,0<? M 8,3 @<78,02E
= 2 3<0KC?-/9.? ^LD-,L< 0, <6- : N_ M 38<-/ 7, 734,@/ Q @L<9; \27w?;<40d3<L, @L<9; Daw?;<40d3<L : }D,3<L,0d= 82e 8< 3<0\8-?39.2 =�c2=2 L 3,c@2e b,7E8. ^LB8L<-20g9; P28-.;< 3-?c0.9<?_ C-,>? M(12, 2)

M -27D :
M(12, 3)

LB8L<-.w
,7D<� 8-. 0<Lh \27w?;<40d3B:
O, <6-/Q3? J LD-,L< e 2 bd74.9,= . J , N 0,3-27420/ ?L,c<L,0/ 3<0KC?-/9.? :

P< QLab\20. D<b8? \27w?;<40d3<L < e 2@20 M 7, Daw?;<40d3B Q= 20., 0, \27wE
?;<40d3BM 38<-h 7f Q/34,@<= o,4\d9; @L<9; 3<0KC?-/9.. :

Y



5

5

5

5

6 6 6

}6-/Q<3 N ~ �Lab\20.2 D<b8? NE?;<40d3<L < e 2@20 :
P<Dd7,0g= 7D�7<6<= =�c2= 2 LB8L<-.w =0<;<7820

M(12, sk)
D-2 L\283B

D-.-<@Q20h bd74,
sk 6= 1

:
P<Q0/=3, ~ �-,>B L\283g9; Q<78-<e 20g9; ZEL,42080g9; = /D M 38<-h 7f 3<= E6.0,8<-.93B .Q<= <->0h 7 >? 442-h0= . M 7, @,e f -<Q4<c.w 0, GE>,38<- , WE>,38<- : ^kE>,38<- e 2 .0@?3<L,0g D<@C-,> M 38<-h;< 3,c@g L-9;<4 e 2

k
E82;< 78?D�, :_ m-,0B

GE>,38<-, -2D-2Q208?e f @L<e .8h LaQ6B =2@Q. ,8k= ,= . ?;4d3, : O, <6-/Q3? Y 7f
;-?6g= . b,-,= . Q0/Q<-020h @L<e .8h LaQ6B , D-2-?\<L,0g= . e 2@0<@?9;h LaQE6B =2@Q. ,8k= ,= . ?;4d3, L< >?442-h02

C60

: ^` 8<=8< D-dD,@2 M 3,c@/ ;-,0,j?6<L<j0h;< Daw?;<40d3, -2D-2Q208?e 2 e 2@0<@?9;f LaQ6? :_ }L2-20.2 8<;8<
>,38? D<029;/L,=2 0, b.8,82j, :

}6-/Q<3 Y ~ ` aQ6B L< >?442-h02
C60

¾(%%�"��� � ¿�¿�&$)�¿"À%��( Á"(Â�( �� �!"#*
D
�

�< Q0/=B9; >,38<L LBD4gL, M c2 = 2@Q. 0,e 78,6.402e \.2 >? 442-h0B D,8-., 8.2 M
38<-h = ,e f 0,e Lab\d D<b28 7B= 28-.d , = ,e f <Dd7,0f C?j<Lf D4<9;? 8 :e : 2X .78?e 2
C?j<L/ D4<9;, M 0, 38<-2e 42c., 78-2@B L\283g9; ,8k=<L ?;4d3, :
` \2<62902 e 2 Q0/= 2 M c2 @<@23,h@2- ^D-,L.@240g GWE7820 _ e 2 7f=2-0g D<@Ej, GJ -<Ld0 : [,c@/ Q -<Ld0 e 2 ?-b20/ @L<= , �D-<8.j,;4g= .� ;-/0,= . : Ã,c.7E

3< ^Daw?;<40d3 02= / 78-2@_ 3,c@2e 7820B 42cd L D.,8.9; -<L.0/9; 7f= 2-0<78. :S<L.0B 7f= 2-0<78. @<@23,h@-, -<Q@2j?e f e 2;< D<L-9; 0, GWV 8-<e ?;<40d3<L M
38<-h 0,QgL,= 2 srs« sv��tv s �t�� q£ �rv¥z{: 1 .28< 8-<e ?;<40d3B =�c2= 2 -<QE
@24.w @< @L<9; 73?Dd0 8,3 M c2 c.,@02 @L, 8-<e ?;<40d3B e 2@02e 73?D.0B 02= ,e f

I



7D<4< b0f ;-,0? : P-28<c2 D-2 3,c@f @L<e .9? 242= 208/-0B9; 8-<e ?;<40d3<L 2X .7E8?e 2 D-/L2 e 2@0, Q;<@0<7w M 38<-/ D-2L2@.2 D-Lg @< @-?;h;< 2X .78?e 2 D-/L2 GWV
Q;<@0<78d M 38<-h Q<6-,Q?e f @<@23,h@2- 0, 726, : �L<= , 8-<e ?;<40d3= . Q e 2@E
02e 73?D.0B e 2 ?-b20/ 7f;4,70/ Q;<@0<7w M D-28< e 2 NV 7f;4,70g9; , -<L0,3g
D<b28 027f;4,70g9; Q;<@0<78d : ^�L, 027f;4,702 Q;<@0h f8L,-B L\,3 02=�c2E= 2 78<8<c0.w L ZE-<Q= 2-0<= D-.278<-2 :_ P-28<c2 D-. 3,c@<= Q<6-,Q20d 3<93B
0, 726, 78-2@ @<@23,h@-, e 2 7,=<@-?c0g 6<@ 2X .78?e 2 NV <8/b,0d ^L-/8,02.@208.8B _ M 38<-h Q<6-,Q?e f @<@23,h@2- 0, 726, : �;<@0<78. M 38<-h -2D-<@?3?E
e f @<@23,h@2- M 7 <D 2-/9.<? 734,@,0.2 Q<6-,Q20d 8L<-., C-?D? M 38<-/ 7, 0,QgL,
���sz|£ s�t�rv| ¶tq�| �{« s�t§¥ , L D-/9. e ? <Q0,b?e 2= 2 7B=6<4<=

D
:

}6-/Q<3 I ~ ]42= 208/-0B 8-<e ?;<40d3
` \283B Q;<@0<78. M 38<-h -2D-<@?3?e f @<@23,h@2- M 7f LB8L<-20h 734,@,0d=

Q<6-,Q20d Q 0,742@?e f9.9; 8-<9; <8/b,0d M 38<-g9; <7. D-29;/@Q,e f L-9;<4= .
j?6 <L<j0h;< 242= 208/-02;< 8-<e ?;<40d3, ~
,_

R72

E <8/b,0.2 <
72
78?D�<L <3<4< D-.,=3B 7D/e ,e f92e 78-2@B D-<8.j,;E

4g9; 78.20 @<@23,h@-, ^8,3g9;8< <8/b,0d e 2 N_ M6 _
R120

E <8/b,0.2 <
120

78?D�<L <3<4< D-.,=3B 7D/e ,e f92e 78-2@B D-<8.E
j,;4g9; L-9;<4<L ^8,3g9;8< <8/b,0d e 2 GV_ M9_

R180

E <8/b,0.2 <
180

78?D�<L <3<4< D-.,=3B 7D/e ,e f92e 78-2@B D-<8.E
j,;4g9; ;-/0 ^8,3g9;8< <8/b,0d e 2 GJ_ :53 =/ ZEL,42080g =0<;<7820 @<@23,;2@-/40? C-?D? 7B= 28-.d , e 2 LBE8L<-20g LB8L<-20g Q GW Daw?;<40d3<L ,

s6

\27w?;<40d3<L M 8,3 =?7d D4,8.w
s6 = 60i + 20j + 30k

M 3@2
i = 0, 1, 2, 3, ......

M
j = 0

,426<
j = 1

,
k = 0,426<

k = 1
: 1<8< e 2 @,02 8g= M c2 7820, =�c2 6Bw L< L-9;<42 242= 208/-02;<8-<e ?;<40d3, @<@23,h@-, M 0, D-/L2 e 2@02e e 2;< ;-,02 ,426< L< L0f8-. 242= 20E8/-02;< 8-<e ?;<40d3, : F0@2X

j = 1
M -27D :

k = 1
M 32o <7 <8/b,0.,

R120

M -27D :
R180

D-29;/@Q, 78-2@= . @L<9; D-<8.j,;4g9; \27w?;<40d3<L :
53 =/=2 @,0g C-,> >? 442-h0, ^0, <6-/Q3? H 0,3-27420g D-2-?\<L,0g= .b.,-,= ._ M 8,3 Q 02;< =�c2=2 LB8L<-.w C-,> .0h;< >?442-h0, D<?c.8d= @L<9;

8-,07><-= /9.d M 38<-h 7f 0,3-27420h 0, <6-/Q3? <6- : H : ` D-L<= D-dD,@2

H



0,;-,@d= 2 L\283B L-9;<4B 0<Lg= . \27w?;<40d3= . ^�<@-2Q,0.2 � L-9;<4<L _ M D-.Eb<= D<b28 <78,80g9; 78.20 <78,02 Q,9;<L,0g: ` @-?;<= 0,;-,@Q?e 2= 2 3,c@f
;-,0? \27w?;<40d3<L : P-28<c2 ?L2@20h 8-,07><-= /9.2 Q,9;<L/L,e f 7f=2-0<78.
D <@j, L\283g9; -<Ld0 7f=2-0<78. LB9;<@Q.2;< =0<;<7820, D4,8d M c2 D-. <6<9;8-,07><-= /9./9; 7, Q,9;<L/L, C-?D, 7B=28-.d Lg9;<@Q.2;< C-,>? : �L2@20h
8-,07><-= /9.2 e 2 =�c2=2 ,D4.3<L,w 0, C-,> j?6<L<j0h;< >?442-h0? :

}6-/Q<3 H ~ `B8L/-,0.2 0<Lg9; >?442-h0<L
P<Q0,= 20,e= 2 M c2 0, <6-/Q3? H 7f 0,3-27420h ;-?6<? D-d74?\0h =0<;<E7820B L D-dD,@2

C60, C70

M 38<-h = ,e f C-?D? 7B= 28-.d Q;<@0f 7 C-?D<? 7B=28-..
@<@23,h@-,

D
: 1 .28< LQ0.3 4. Q @<@23,h@-, @L<=, 8-,07><-= /9.,= .: }D,3<E

L,0d= ?L2@20g9; 8-,07><-= /9.d @<78/L,= 2 �j?6<L<j02 � L2j3h =0<;<;<7820BM
38<-h = ,e f 3<=6.0,8<-.93f \8-?38f-? >?442-h0<L 7 @<@23,82@-/40<? C-?D<?7B=28-.d

D
:

� 8g9;8< >,38<L =�c2= 2 7><-=?4<L,w 0,742@?e f92 = ,82= ,8.93h 8L-@20.2 ~�z s¨ §��q� s p q r rstuv
Ck

� ���sz|£ s�t�rv �q ¶tq� �q �{« s�t§¥
D ¦ �|z s¨ §��q� sp qr rstuv

C3k

|
C4k

� ��q §���q ¶tq� �q �{« s�t§¥
D P -. D-L2e 8-,07><-= /9.. 7, �78-,8d � e 2@20 L-9;<4 D�L<@0h;< =0<;<7820, M

38<-g e 2 0,;-,@20g \27w?;<40d3<= , 0,= .278< 02;< LQ0.30f 8-. 0<Lh L-9;<4B:
P<b28 L-9;<4<L 0<Lh;< =0<;<7820, 7, -<L0/ @L<e 0/7<63? D<b8? ;-/0 D�L<@E
0h;< =0<;<7820, : ` @-?;2e 8-,07><-= /9.d 3? 3,c@h=? D�L<@0h=? D-.6?@0f
o,4\.2 8-. L-9;<4BM 38<-h 7f 7 D�L<@0g= 7D<e 20h ;-,0,= . :
� @�3,Q? L28B LBD4gL, M c2 ,0,4<C.93h 8L-@20.2 D4,8d 0 .2420 D-2 >?442-h0

Ck7 @<@23,;2@-/40<? C-?D<? 7B=28-.d
D
M ,42 D4,8d D-2 >?442-h0B 7 j?6<L<j0<?

C-?D<? 7B= 28-.d
S
: ^P<Q-. ±�² :_O, Q/L2- D<Q0,= 20,e= 2 M c2 D<3.,j =0<;<7820BM 38<-h 7f 3<=6.0,8<-.93B

.Q<=<->0h 7 >? 442-h0= .
C60

,
C20

=,ef GJ -<Ld0 7f= 2-0<78. M
C24

e 2 7f= 2-0g
D<@j, N -<Ld0 ,

C26

?c 420 D<@j, W -<Ld0 : 1208< >,38 =�c2 6Bw e 2@0g=
Q @�L<@<= >-23L209.2 .9; Lg73B8? L D-d-<@2 :

GV



�L/@Q,0h 8L-@20., 7f = ,82= ,8.93B 3<-2380h M 426 < LBD<L2@,e f 0.2b< <8<= M b< e 2 Q ;j,@.73, = ,82= ,8.3B =<c0h : ` 73?8<b0<78. 6B 6<4< 3<-2380h
420 L82@BM ,3 6B 9;2= .9. @<3/Q,4. 0/e 7w 7D�7<6B Lg-<6B >?442-h0<L 3<-2\E
D<0@?e f9.9; 7 D<D.7<L,0g= . 3<0\8-?39.,= . 8-.2@ =0<;<7820<L : O,Q@/L,= 27, M c2 e 2 8< L2j= . Q4<c.8/ ^@027 D-.,= 02-.2\.82j0/_ f4<;, :
Ä$��� %À&�$ �
` D<742@02e @<62 LgQ0,=0f f4<;? Q<;-/L,e f 0,0<L 4/30, : lf 8< L2j= .8203h , 7.40h L 4/30, : 53 LB8L<-d= 2 =0<;<7820

M(12, 5k)
D-2 L2j= . L2j3h

k, 0, 8208< =0<;<7820 ,D4.3?e 2= 2 8-,07><-= /9.2 ?L2@20h 0, <6-/Q3? H M 8,3
@<78,02=2 =0<;<7820 M 38<-g e 2 �023<02b02 � @4;g , LB8L/-, .@2/402 L4/30, M
D-dD,@02 0/@<6BM L 38<-g9; =�c2=2 734,@<L,w .0h w,c3< 734,@<L,82j0h 4/8E
3B: P-,L@2D<@<602 M LB9;/@Q,e f9 Q o,4\d9; L4,780<78. ,8k=<L ?;4d3, =�c2=2
D-2@D<34,@,w M c2 8,3h8< L4/30, 6B 6<4. .@2/402 -<L0h , 3,c@g <;B6 6B 6<4
@,0g 8g= M c2 L D-d74?\02e = <423?42 ,8k=B LB8L/-,e f 7820B .0h;< 8BD? ,3<
?L,c<L,0h Daw?;<40d3B , \27w?;<40d3? : 5e 32o 7, D<@<60h \8-?38f-B @<D<E7.,j 9;2= .9. 020,\4. M = ,82= ,8.9. =�c? ?L,c<L,w ,e < 0.9; : �027 7, ?c Q,bd0,
?L,c<L,w ,e < .0g9; D-L3<9; M 38<-g9; ,8k=B 6B =<;4. LB8L/-,w =<423?4B
D<@<60h >?442-h0<= :
ÅÀ��" �
5e L D-d-<@2 e 2 =<c0h 78-280f8 7, 7 Lg78,L6<Lg= D-.09dD<= M 38<-g LQ0.3/

3<=6.0/9.<? Daw?;<40d3<Lg9; , \27w?;<40d3<Lg9; D4�9; : l2= 7, @,e f Q,-,E
@.w 0,D-d34,@ Q4<c20h <b. ;=BQ? M \3-<6<Lh Q-0/ , ,0,0/7<Lh D4<@B: �<Q0,=
D-.09dD<L <67,;?e 2 ,e 73?D.0B ><7d40B9; 3<-/4<L Q -<@? m2X,C<0., : O,LB\2 M
=0<;h = .3-<<-C,0.Q=B =,e f 8L,-B D<@<60h =0<;<7820<= M 38<-g9; 3,8,E
4kCB =,82= ,8.9. 7D-,9<L,L,e f , 8,38< = ,82= ,8.9. L2@., 6.<4kC<= D<L2@,w M
,3h = .3-<<-C,0.Q=B =�c2= 2 ;j,@,w , ,3h Q,-?b202 022X .78?e f : Æ,78< 7,
jf@., = ,82= ,8.3<L Dg8,e f �O,b< e 2 @<6-h 8< M b< LB=g\j,82 M L2o ^8,3=2-_0.38< 8<=? 02-<Q?= .2 �Ç �LBb,e 02 M ,c 0273�- 0,9;/@Q,e f = ,82= ,8.93h LgE742@3B 7L<e 2 ,D4.3/9.2 : 53 6B 9;2= .9. 7, <Dg8,4. 2XD 2-8<L 0, 3<=6.0,8<-.93h
\8-?38f-B =0<;<7820<L M 8,3 6B D-,L@2D<@<602 ?-g9;4.4. \8f@.?= >?442-h0<L
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